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Abstract
We analyze systematically several deformations arising from two-dimensional harmonic
oscillators which can be described in terms of D-pseudo bosons. They all give rise to
exactly solvable models, described by non self-adjoint hamiltonians whose eigenvalues
and eigenvectors can be found adopting the quite general framework of the so-called D-
pseudo bosons. In particular, we show that several models previously introduced in the
literature perfectly fit into this scheme.
I Introduction
In recent years many physicists and some mathematician started to be interested in the possi-
bility of giving a physical meaning to some non self-adjoint hamiltonian with real eigenvalues.
The whole story started essentially with Bender and Boettcher in 1998, [1], with the famous
p2 + i x3 hamiltonian. Since then, hundreds of papers have been written, mainly from physical
and numerical points of view. On the other hand, the mathematically oriented papers were
much less. More recently, the number of such papers increased significantly also because several
authors, mainly coming from functional analysis and operator algebras, joined the community
starting to be interested into this topic. Some of these papers are listed in [2], [3] and [4], where
more references can be found.
In several contributions different authors discuss some aspects of manifestly non self-adjoint
hamiltonians which are quadratic in the position and in the momentum operators, or in some
of their combinations. Quite often, in their analysis, they are able to deduce the explicit form
of the eigenvectors, which are not mutually orthogonal, and of the related eigenvalues, which
are real. In some previous papers by one of us (FB), it has been shown that some of the
proposed models can be discussed in terms of the so-called D-pseudo bosons (D-PBs), that is
of some excitations arising from properly deformed commutation rules. In this paper we set
up a systematic analysis of several two-dimensional models which can be described completely
in terms of D-PBs, some of them already considered in the past and others, in our knowledge,
new. Doing so, we propose a list of models which are simply D-deformed two-dimensional
harmonic oscillators, for which the approach discussed in, say, [5] and reviewed in [6] can be
adopted (see also [7] for models involving anti-commutation relations).
This article is organized as follows: to keep the paper self-contained, in the next section we
review the definition and few results on D pseudo-bosons (D-PBs). In Section III we discuss
in details two models, deducing the eigenvectors of two different non self-adjoint hamiltonians.
Among other things, we prove that the eigenstates do not form bases, but they are complete
in L2(R2). In Section IV we give a list of other hamiltonians which can be discussed using the
same techniques, and leading to similar conclusions. Section V contains our final remarks.
II D pseudo-bosons
We briefly review here few facts and definitions on D-PBs. More details can be found in [5] and
[6]. To simplify the notation, we consider here the one-dimensional case, since nothing essential
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changes going from one to more dimensions1.
Let H be a given Hilbert space with scalar product 〈., .〉 and related norm ‖.‖. Let further a
and b be two operators on H, with domains D(a) and D(b) respectively, a† and b† their adjoint,
and let D be a dense subspace of H such that a♯D ⊆ D and b♯D ⊆ D, where x♯ is x or x†.
Incidentally, it may be worth noticing that we are not requiring here that D coincides with,
e.g. D(a) or D(b). Nevertheless, for obvious reasons, D ⊆ D(a♯) and D ⊆ D(b♯).
Definition 1 The operators (a, b) are D-pseudo bosonic (D-pb) if, for all f ∈ D, we have
a b f − b a f = f. (2.1)
Sometimes, to simplify the notation, instead of (2.1) we will simply write [a, b] = 1 , having in
mind that both sides of this equation have to act on some f ∈ D.
Our working assumptions are the following:
Assumption D-pb 1.– there exists a non-zero ϕ0 ∈ D such that aϕ0 = 0.
Assumption D-pb 2.– there exists a non-zero Ψ0 ∈ D such that b†Ψ0 = 0.
Then, if (a, b) satisfy Definition 1, it is obvious that ϕ0 ∈ D∞(b) := ∩k≥0D(bk) and that
Ψ0 ∈ D∞(a†), so that the vectors
ϕn :=
1√
n!
bnϕ0, Ψn :=
1√
n!
a†
n
Ψ0, (2.2)
n ≥ 0, can be defined and they all belong to D. We introduce the sets FΨ = {Ψn, n ≥ 0} and
Fϕ = {ϕn, n ≥ 0}. Since each ϕn and each Ψn belong to D, they also belong to the domains
of a♯, b♯, N = ba and N † = a†b†. We have

b ϕn =
√
n+ 1ϕn+1, n ≥ 0,
a ϕ0 = 0, aϕn =
√
nϕn−1, n ≥ 1,
a†Ψn =
√
n + 1Ψn+1, n ≥ 0,
b†Ψ0 = 0, b†Ψn =
√
nΨn−1, n ≥ 1,
(2.3)
as well as the following eigenvalue equations: Nϕn = nϕn and N
†Ψn = nΨn, n ≥ 0. Then,
choosing the normalization of ϕ0 and Ψ0 in such a way 〈ϕ0,Ψ0〉 = 1, we deduce that
〈ϕn,Ψm〉 = δn,m, (2.4)
1This is true for commutative models, which are the ones considered all along this paper. When dealing
with non-commutative quantum mechanics, differences may arise.
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for all n,m ≥ 0, so that Fϕ and FΨ are biorthogonal sets. The third assumption introduced in
[5] is the following:
Assumption D-pb 3.– Fϕ is a basis for H.
This is equivalent to the request that FΨ is a basis for H as well, [5]. In particular, if Fϕ
and FΨ are Riesz basis for H, the D-PBs are called regular2
In [5] a weaker version of Assumption D-pb 3 has also been introduced, particularly useful
for physical applications: for that, let G be a suitable dense subspace of H. Two biorthogonal
sets Fη = {ηn ∈ G, n ≥ 0} and FΦ = {Φn ∈ G, n ≥ 0} have been called G-quasi bases if, for all
f, g ∈ G, the following holds:
〈f, g〉 =
∑
n≥0
〈f, ηn〉 〈Φn, g〉 =
∑
n≥0
〈f,Φn〉 〈ηn, g〉 . (2.5)
Is is clear that, while Assumption D-pb 3 implies (2.5), the reverse is false. However, if Fη and
FΦ satisfy (2.5), we still have some (weak) form of resolution of the identity. Now Assumption
D-pb 3 may be replaced by the following:
Assumption D-pbw 3.– Fϕ and FΨ are G-quasi bases, for some subspace G dense in H.
Let us now assume that Assumption D-pb 1, D-pb 2, and D-pbw 3 are satisfied. Sometimes,
even if it is not strictly necessary, it is convenient to consider G = D. Then, let us consider
a self-adjoint, invertible, operator Θ, which leaves, together with Θ−1, D invariant: ΘD ⊆ D,
Θ−1D ⊆ D. Hence, [5], we say that (a, b†) are Θ−conjugate if af = Θ−1b†Θ f , for all f ∈ D. We
recall that (a, b†) are Θ−conjugate if and only if (b, a†) are Θ−conjugate. Moreover, (a, b†) are
Θ−conjugate if and only if Ψn = Θϕn, for all n ≥ 0. Furthermore, if (a, b†) are Θ−conjugate,
then 〈f,Θf〉 > 0 for all non zero f ∈ D. These results are all proved in the first paper in
[3], where also other details of D-PBs, including some interesting intertwining relations, are
discussed. In view of the concrete applications considered here it might be useful to stress that,
in some explicit models, [6], D and G must be taken different. Of course, this has nothing to
do with the Assumptions D-pb 1, D-pb 2, and D-pb 3 (or D-pbw 3).
2We recall that a set E = {en ∈ H, n ≥ 0} is a (Schauder) basis for H if any vector f ∈ H can be written,
uniquely, as an (in general) infinite linear combination of the en’s: f =
∑∞
n=0 cn(f)en. Here cn(f) are complex
numbers depending on the vector f we want to expand. If E is an orthonormal basis, that is when we also
have 〈en, em〉 = δn,m, then cn(f) = 〈en, f〉. A Riesz basis F = {fn ∈ H, n ≥ 0} is a set of vectors for which a
bounded operator T on H exists, with bounded inverse, and an orthonormal basis E = {en ∈ H, n ≥ 0}, such
that fn = Ten, for all n ≥ 0. Also, a set of vectors F is complete if the only vector h ∈ H which is orthogonal
to all the vectors in F is the zero vector.
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III The two-dimensional deformed harmonic oscillators:
two detailed examples
The main ingredient of our construction is a standard two dimensional harmonic oscillator
whose hamiltonian can be written as
H0 = ω1A
†
1A1 + ω2A
†
2A2 + ω31 , (3.1)
where ωj ∈ R, and [Aj , A†k] = δj,k 1 , j, k = 1, 2, all the other commutators being zero. It
is clear that H0 = H
†
0. The Hilbert space of the model is H = L2(R2), with scalar product
〈f, g〉 = ∫
R
∫
R
f(x1, x2) g(x1, x2) dx1 dx2.
What is interesting for us is to consider some deformed versions of H0, which we write
(formally, for the moment) as
H = eXH0e
−X ,
for some suitable operator X . Because of (3.1), introducing (again formally at this stage)
aj = e
XAje
−X and bj = eXA
†
je
−X , we can write H as follows
H = ω1b1a1 + ω2b2a2 + ω31 , (3.2)
and we have [aj , bk] = δj,k 1 , j, k = 1, 2. Hence these operators appear to satisfy the pseudo-
bosonic commutation rules, since, in general, bj 6= a†j , due to the fact that X† is not assumed
to coincide with −X . But, as we have already pointed out several times, this is formal. The
reason is simple: most of the times the operators involved in this procedure are unbounded,
so that one should pay attention to domain problems. In particular, since H0 is unbounded,
if X is also unbounded, there is no reason, a priori, for H to be well defined on a dense (or,
even, simply non empty) subset of H. This depends, of course, on the form of X . For the
same reason, the commutator [aj , bk] could not be densely defined. This has been discussed,
for instance, in [4].
In what follows, we will make this transformation concrete and rigorous, by checking in
details, for two different choices of X , the validity of Assumptions D-pb 1, D-pb 2 and D-pb
3, or its weaker form, D-pbw 3. In order to help the reader to identify the expression of H
we adopt in this paper, as dynamical variables, the position and momentum operators, rather
than raising and lowering operators3. This, we believe, can be useful, although not necessary,
3The relation between them is the usual one: Aj =
xj+ipj√
2
, j = 1, 2.
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since many models, in the existing physical literature on the subject, are written adopting this
choice. Therefore we rewrite (3.1) as
H0 = ω˜1(x
2
1 + p
2
1) + ω˜2(x
2
2 + p
2
2) + ω˜31 , (3.3)
where, to simplify the notation, we have introduced ω˜1 = ω1/2, ω˜2 = ω2/2, ω˜3 = ω3−(ω1+ω2)/2.
Here, as in ordinary (i.e. commutative) quantum mechanics, [xj , pk] = iδj,k 1 , j, k = 1, 2, while
all the other commutators are assumed to be trivial.
III.1 The first model
In this section we consider the following quadratic choice for X :
X = γ(
√
2(x1 + x2) + 2x1x2), (3.4)
where γ ∈ R. We see that the momentum operators do not appear in X , and for this reason
U(±γ) := e±X are just (unbounded, and therefore not everywhere defined) multiplication
operators. In term of the bosonic operators Aj , A
†
j, X looks as
X = γ(A†1A2 + A
†
2A1 + A1A2 + A
†
1A
†
2 + A1 + A
†
1 + A2 + A
†
2), (3.5)
which appears rather more complicated.
The operators aj and bj introduced before can be rewritten as{
a1 = (x1 + ip1)/
√
2− γ (x2√2 + 1 ) , a2 = (x2 + ip2)/√2− γ (x1√2 + 1 ) ,
b1 = (x1 − ip1)/
√
2 + γ
(
x2
√
2 + 1
)
, b2 = (x2 − ip2)/
√
2 + γ
(
x1
√
2 + 1
)
,
(3.6)
or as 

a1 = A1 − γ
(
A2 + A
†
2 + 1
)
, a2 = A2 − γ
(
A1 + A
†
1 + 1
)
,
b1 = A
†
1 + γ
(
A2 + A
†
2 + 1
)
, b2 = A
†
2 + γ
(
A1 + A
†
1 + 1
)
.
(3.7)
It is easy to check that they obey, formally, the pseudo-bosonic rule [aj , bk] = δj,k1 , j, k = 1, 2,
the other commutators being zero. However, to go from formal to rigorous results, we now take
a completely different point of view, showing that the four operators defined as in (3.6), or as
in (3.7), satisfy the two-dimensional version of Assumptions D-pb 1, D-pb 2 and D-pbw 3 of
Section II. We will also show that assumption D-pb 3 does not hold, so that the vectors we will
construct extending (2.2) are not bases for H.
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First, using (3.6), we rewrite equations a1ϕ0,0 = a2ϕ0,0 = 0 in a differential form as
∂ϕ0,0(x1, x2)
∂x1
+
(
x1 − γ(2x2 +
√
2)
)
ϕ0,0(x1, x2) = 0
and
∂ϕ0,0(x1, x2)
∂x2
+
(
x2 − γ(2x1 +
√
2)
)
ϕ0,0(x1, x2) = 0.
The solution is easily deduced:
ϕ0,0(x1, x2) = N e
− 1
2
(x2
1
+x2
2
)+
√
2 γ(x1+x2)+2γx1x2, (3.8)
where N is a normalization constant we will fix in the following. Now, since b†j coincides with
aj , but with γ replaced by −γ, it is clear that the solution of b†1Ψ0,0 = b†2Ψ0,0 = 0 can be
deduced from (3.8) with a similar replacement:
Ψ0,0(x1, x2) = N
′ e−
1
2
(x2
1
+x2
2
)−√2 γ(x1+x2)−2γx1x2. (3.9)
Here N ′ is another normalization constant, which needs not to coincide with N . A direct
computation shows that, if γ /∈ ]−1
2
, 1
2
[
, then both ϕ0,0(x1, x2) and Ψ0,0(x1, x2) are not square
integrable. On the other hand, if we take γ ∈ ]−1
2
, 1
2
[
and we choose N = N ′ = 1√
π
, then
〈ϕ0,0,Ψ0,0〉 = 1. Among other things this means that, even if formally (aj , bj) satisfy the
pseudo-bosonic rules for all possible values of γ, they are surely not D-pseudo bosonic operators
if γ /∈ ]−1
2
, 1
2
[
. For this reason, from now on we will assume that γ ∈ ]−1
2
, 1
2
[
. In this case both
ϕ0,0(x1, x2) and Ψ0,0(x1, x2) are square integrable and, more than this, they belong to S(R2),
the set of C∞-functions which decrease to zero, together with their derivatives, faster than any
inverse power. For future convenience, it is also worth noticing that they also both belong to
the set
D := {f(x1, x2) ∈ S(R2) : eβ1x1+β2x2f(x1, x2) ∈ S(R2), ∀β1, β2 ∈ C} .
This set, which we are taking as our D, is dense in L2(R2), since it contains D(R2), the set of
the C∞ functions with compact support. Moreover, as required, D is stable under the action
of both a♯j and b
♯
j , and in fact we deduce that, by using a two-dimensional version of (2.2),
ϕn1,n2(x1, x2) =
N˜√
2n1+n2 n1!n2!
Hn1(x1)Hn2(x2) e
− 1
2
(x2
1
+x2
2
)+
√
2γ(x1+x2)+2γx1x2, (3.10)
for all nj ≥ 0. Here N˜ is a suitable normalization, related to N , which is not particularly
important in our analysis. Notice that, not surprisingly, each ϕn1,n2 belongs to D (so that, in
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particular, it belongs to S(R2)). Incidentally, it is worth mentioning that D is invariant also
under the action of e±X .
The function Ψn1,n2(x1, x2) can be deduced by ϕn1,n2(x1, x2) simply replacing γ with −γ.
Therefore, also Ψn1,n2(x1, x2) belong to D. Our conclusion, so far, is that Assumptions D-pb
1 and D-pb 2 are indeed satisfied. To check whether D-pb 3 is also satisfied, we first define
the sets FΨ = {Ψn1,n2(x1, x2), nj ≥ 0} and Fϕ = {ϕn1,n2(x1, x2), nj ≥ 0}. Their vectors are
eigenstates of Nj and N
†
j : Njϕn1,n2 = njϕn1,n2 and N
†
jΨn1,n2 = njΨn1,n2, j = 1, 2, and are
mutually orthogonal. To show that neither FΨ nor Fϕ are bases we use a standard argument,
[8]: we prove that the norms of ϕn1,n2(x1, x2) and Ψn1,n2(x1, x2) are both divergent for diverging
n1 or n2.
As a matter of fact, due to the relation between these vectors, it is enough to check that
‖ϕn1,n2‖ diverges with nj . Moreover, it is sufficient to consider the case when n2 = 0, and to
prove that ‖ϕn,0‖ → ∞ when n→∞. Indeed, since H0(x) = 1, we easily find that
In :=
‖ϕn,0‖2
N˜2
=
1
2n n!
√
π
1− 4γ2 e
4γ2
1−2γ
∫
R
Hn
(
t+ t0√
1− 4γ2
)2
e−t
2
dt.
The integral can be now estimated by first changing variable: let us put s = t√
1−4γ2
. Then,
since ∫
R
Hn
(
t + t0√
1− 4γ2
)2
e−t
2
dt ≥
√
1− 4γ2
∫
R
Hn(s+ s0)
2 e−s
2
ds,
where s0 =
t0√
1−4γ2
=
√
2 γ
1−2γ , we deduce that
In ≥ π e
4γ2
1−2γLn
(
−
(
2γ
1− 2γ
)2)
,
which, for all non zero allowed γ, diverges when n → ∞, see [9]. A similar estimate can
be repeated for ‖Ψn,0‖2. Hence, Fϕ and FΨ are not bases. Still, it is possible to check that
they are both complete in L2(R2). This follows, for instance, from their analytical expression,
see (3.10), and by a simple extension of the completeness argument for functions of the form
xnf(x), where |f(x)| ≤ Ce−δx, δ > 0, and n = 0, 1, 2, . . ., to a two-dimensional case, see [10],
pg 4264. Now, even if Fϕ and FΨ are not bases, Assumption D-pbw 3 could still be true. This
is important since, as it is proved in [3, 5], this milder condition is enough to deduce several
interesting consequences.
4The same conclusion can be deduced following [11], Lemma 3.12
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We first observe that, since ajϕ0,0 = U(γ)AjU
−1(γ)ϕ0,0 = 0, then ϕ0,0 belongs to the domain
of U−1(γ) = U(−γ). Moreover, because of the uniqueness of the vacuum of Aj , Φ0,0(x1, x2),
we deduce that ϕ0,0(x1, x2) must be proportional to U(γ)Φ0,0(x1, x2). Similarly, Ψ0,0 belongs
to the domain of U †(γ) = U(γ), and it must be proportional to U(−γ)Φ0,0(x1, x2). Moreover,
because of condition 〈ϕ0,0,Ψ0,0〉 = 1, we can fix these proportionality constants as follows:{
ϕ0,0(x1, x2) = U(γ)Φ0,0(x1, x2),
Ψ0,0(x1, x2) = U(−γ)Φ0,0(x1, x2).
(3.11)
Incidentally, this is in agreement with our previous remark on the role of γ in ϕ0,0(x1, x2) and
Ψ0,0(x1, x2). Now we can check explicitly that: (i) ϕn1,n2(x1, x2) ∈ D(U(−γ)), for all nj ≥ 0;
(ii) Ψn1,n2(x1, x2) ∈ D(U(γ)), for all nj ≥ 0; (iii ) ϕn1,n2(x1, x2) = U(γ)Φn1,n2(x1, x2) and
Ψn1,n2(x1, x2) = U(−γ)Φn1,n2(x1, x2), for all nj ≥ 0. Here
Φn1,n2(x1, x2) =
1√
n1!n2!
A†1
n1
A†2
n2
Φ0,0(x1, x2)
are the (well known) eigenstates of the hamiltonian H0 in (3.1), which form an o.n. basis for
H.
Now, to check that Fϕ and FΨ are G-quasi bases for a suitable G, we start defining this
set as the (finite) linear span of the vectors Φn1,n2(x1, x2), which is dense in H. Now5, since
G ⊆ D(U(γ)) ∩D(U(−γ)), we can check that, taken f, g ∈ G,∑
n1,n2
〈f, ϕn1,n2〉 〈Ψn1,n2, g〉 =
∑
n1,n2
〈f, U(γ)Φn1,n2〉 〈U(−γ)Φn1,n2, g〉 =
=
∑
n1,n2
〈U(γ)f,Φn1,n2〉 〈Φn1,n2, U(−γ)g〉 = 〈U(γ)f, U(−γ)g〉 = 〈f, g〉 . (3.12)
Hence, FΨ and Fϕ are G-quasi bases.
Consequences of the validity of the three assumptions is that we can introduce a new self-
adjoint operator, Θ(γ), such that (aj , b
†
j) are Θ(γ) conjugate. Moreover, Θ(γ) is positive, and
some intertwining relations hold. In fact, by considering the relations between the vectors of
Fϕ and FΨ with the vectors Φn1,n2, we can write:
ϕn1,n2 = U
2(γ)Ψn1,n2 = U(2γ)Ψn1,n2,
5This is a consequence of the fact that, as we have already seen, the vectors ϕn1,n2 = U(γ)Φn1,n2 and
Ψn1,n2 = U(−γ)Φn1,n2 , for all nj ≥ 0, are all well defined in H.
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which, see Section II, suggests to define Θ(γ) = U(−2γ) = U−1(2γ). Now, using Θ(γ) defined
in this way, we can further easily deduce the following (weak) intertwining relations:
N †jΘ(γ)ϕn1,n2 = Θ(γ)Njϕn1,n2, Θ
−1(γ)N †jΨn1,n2 = NjΘ
−1(γ)Ψn1,n2, (3.13)
which, as we can see, are defined respectively on Fϕ and FΨ, but not of course, on the whole
H.
Moreover, ϕn1,n2 are eigenstates of H = ω1b1a1 + ω2b2a2 + ω31 = ω1N1 + ω2N2 + ω31
with eigenvalues En1,n2 = ω1n1 + ω2n2 + ω3, while Ψn1,n2 are eigenstates of H
† with the same
eigenvalues. Hence Θ(γ) also intertwines (on a suitable domain) between H and H†. Finally, in
terms of the bosonic operators xj , pj, the deformed hamiltonian H turns out to be the following
operator:
H = x21(ω˜1 − 4γ2ω˜2) + x22(ω˜2 − 4γ2ω˜1) + ω˜1p21 + ω˜2p22 − 4
√
2γ2ω˜2x1 − 4
√
2γ2ω˜1x2 +
+2
√
2iω˜1γp1 + 2
√
2iω˜2γp2 + 4iω˜2γx1p2 + 4iω˜1γx2p1 +
+(ω˜3 − 2γ2ω˜1 − 2γ2ω˜2 + 2γω˜1 + 2γω˜2)1 , (3.14)
which, apart an additive constant, looks like an asymmetric two-dimensional harmonic oscillator
with a manifestly non self-adjoint perturbation, with a linear and a quadratic parts. Therefore
we can conclude that the non self-adjoint hamiltonian (3.14) is just a very complicated way to
write a much simpler hamiltonian, whose eigenvalues and eigenvectors can be easily deduced
adopting the strategy described in Section II. Also, it is easy to find the eigenvectors of H†
with the same strategy. What it is also interesting is that neither of these two sets are bases
for H, but they are (both) G-quasi bases.
III.2 The second model
We now consider the following choice for X :
X = γ(x1x2 + p1p2), (3.15)
where γ ∈ R. This is again quadratic, but compared with our previous choice, involves also
the momentum operators. In (3.3) we assume that ω˜1 6= ω˜2 since, otherwise, the situation
trivializes (see the expression (3.17) for H below), meaning that the hamiltonian becomes, if
ω˜1 = ω˜2, a purely two dimensional, self-adjoint, harmonic oscillator.
10
As before we introduce U(γ) = eX , and using the Baker-Campbell-Hausdorff formula, the
operators aj and bj are found to be

a1 = (Cγx1 − Sγx2 + i(Cγp1 − Sγp2))/
√
2 = CγA1 − SγA2,
a2 = (Cγx2 − Sγx1 + i(Cγp2 − Sγp1))/
√
2 = CγA2 − SγA1,
b1 = (Cγx1 + Sγx2 − i(Cγp1 + Sγp2))/
√
2 = CγA
†
1 + SγA
†
2,
b2 = (Cγx2 + Sγx1 − i(Cγp2 + Sγp1))/
√
2 = CγA
†
2 + SγA
†
1,
(3.16)
where Cγ := cosh γ and Sγ := sinh γ, while the deformed hamiltonian H in (3.2) becomes
H = (ω˜1C
2
γ − ω˜2S2γ)x21 + (ω˜2C2γ − ω˜1S2γ)x22 + (ω˜1C2γ − ω˜2S2γ)p21 + (ω˜2C2γ − ω˜1S2γ)p22 + (3.17)
+2i(ω˜2 − ω˜1)CγSγ(x1p2 − x2p1) + ω˜31 .
Because of the (3.16) it is clear that the vacua of aj , ϕ0,0(x1, x2), and of b
†
j , Ψ0,0(x1, x2),
both coincide with the vacuum of the standard bosonic operators Aj , Φ0,0(x1, x2):
ϕ0,0(x1, x2) = Ψ0,0(x1, x2) = Φ0,0(x1, x2).
By introducing the shorthand notation
ξ(a, b, c, d) =
√
(a+ b− c− d)!(c+ d)!
a!b!
, a, b, c, d ∈ N,
the expressions of ϕn1,n2 and ψm1,m2 can be written as follows:
ϕn1,n2(x1, x2) =
1√
n1!n2!
bn11 b
n2
2 Φ0,0(x1, x2) =
=
n1∑
k=0
n2∑
j=0
(
n1
k
)(
n2
j
)
Cn1+j−kγ S
n2+k−j
γ ξ(n1, n2, j, k)Φn1+n2−j−k,j+k(x1, x2) =
=
(
n1 + n2
n1
) 1
2
n1∑
k=0
n2∑
j=0
(
n1
k
)(
n2
j
)(
n1 + n2
j + k
)− 1
2
Cn1+j−kγ S
n2+k−j
γ Φn1+n2−j−k,j+k(x1, x2),
and
Ψm1,m2(x1, x2) =
1√
m1!m2!
(a†1)
m1(a†2)
m2Φ0,0(x1, x2) =
=
m1∑
i=0
m2∑
l=0
(
m1
i
)(
m2
l
)
C¯m1+l−iγ (−S¯γ)m2+i−lξ(m1, m2, l, i)Φm1+m2−l−i,l+i(x1, x2) =
11
=(
m1 +m2
m1
) 1
2
m1∑
i=0
m2∑
l=0
(
m1
i
)(
m2
l
)(
m1 +m2
l + i
)− 1
2
C¯m1+l−iγ (−S¯γ)m2+i−lΦm1+m2−i−l,i+l(x1, x2).
Hence, as these formulas show, the eigenstates of H and H† (and obviously of Nj and N
†
j )
are linear combinations of the eigenstates of H0. Using the operator U(γ), and repeating the
same reasonings as before, they can be written as
ϕn1,n2 = U(γ)Φn1,n2 Ψm1,m2 = (U
−1(γ))†Φm1,m2 = U
−1(γ)Φm1,m2 .
From the biorthogonality condition we deduce the following, non trivial, summation rule:
〈Ψm1,m2, ϕn1,n2〉 =
=
m1∑
i=0
m2∑
l=0
n1∑
k=0
n2∑
j=0
(
m1
i
)(
m2
l
)(
n1
k
)(
n2
j
)
ξ(n1, n2, j, k)ξ(m1, m2, l, i)×
×Cm1+n1+l−i+j−kγ (−1)m2+i−lSm2+n2+i−l+k−jγ δm1+m2,n1+n2δl+i,j+k =
= δm1,n1δm2,n2.
To check if the two sets Fϕ and FΨ are bases of L2(R2), we check, as in the previous section,
whether ‖ϕn1,n2‖ diverges with nj. For simplicity, we set n2 = 0, as in Section III.1. Then
‖ϕn1,0‖2 =
=
〈
1√
n1!
n1∑
k=0
(
n1
k
)
Cn1−kγ S
k
γ
√
(n1 − k)!k!φn1−k,k,
1√
n1!
n1∑
i=0
(
n1
i
)
Cn1−iγ S
i
γ
√
(n1 − i)!i!φn1−i,i
〉
=
=
1
n1!
n1∑
k=0
n1∑
i=0
(
n1
k
)(
n1
i
)
C2n1−k−iγ S
k+i
γ
√
(n1 − k)!k!
√
(n1 − i)!i!δk,i =
=
n1∑
k=0
(
n1
k
)
(|Cγ|2)n1−k(|Sγ|2)k = (|Cγ|2 + |Sγ|2)n1 = coshn1(2γ)
Since the hyperbolic cosine of a real number is always greater than one, for each γ 6= 0, the
norms of these vectors diverge as n1 → ∞. The same results is obviously obtained if we put
n1 = 0 and consider n2 → ∞. Similar conclusions can be deduced working with Ψm1,m2 .
Therefore the sets of eigenstates of Nj and N
†
j are not biorthonormal bases, although they are
still complete in L2(R2), for the same reasons discussed in Section III.1.
However, we can check easily, repeating the same arguments as before, that Fϕ and FΨ are
G-quasi bases, where G is the linear span of the vectors Φn1,n2(x1, x2) as in the first model.
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Due to the validity of the three assumptions D-pb1, D-pb2, D-pbw3, we can consider the
self-adjoint operator defined as in the previous section as Θ(γ) = U(−2γ), such that (aj , b†j)
are Θ(γ)-conjugate. Moreover, Θ(γ) is positive and the same intertwining relations as in (3.13)
hold, and in the same sense.
We conclude that the hamiltonian introduced in this section is not really a new model, but it
is just a sufficiently, but not completely, regular, deformed two dimensional harmonic oscillator.
More deformations will be listed in the next section.
IV Other deformed hamiltonians
This section is devoted to a list of other manifestly non self-adjoint hamiltonians which allow
a D-pseudo bosonic treatment, since they eventually appear to be of the form H = eXH0e−X ,
for some suitable X , which we don’t assume here to be necessarily self-adjoint, and for H0 as
in (3.1). Our list is rather concise. We just give the expression of the operator X mapping
H0 into H , the expression of H itself, and some bibliographic information. On the other hand,
what we do not consider here, are all the mathematical details we have discussed in Section
III, leaving open, for instance, the basis problem for the eigenstates of H and H†, as well as
the existence of the sets D and G. In other words, some results contained in this section are
formal6 but, we believe, still interesting in view of possible comparison with the literature: all
the hamiltonians we are going to list, can in fact be rewritten, some of them at least formally,
some others rigorously, in terms of D-PBs. Then their eigenvalues and eigenvectors, as well as
those of their adjoint, can be deduced quite easily, in principle.
Another aspect which we are not going to consider in this section, and which is relevant for
a deeper analysis, is whether the parameters of the transformation eX , see below, should be
constrained or not, as it happens Section III.1.
1. 

X = −α(p1 + p2) + β(x1 + x2), α, β ∈ R,
H = ω˜1(x
2
1 + p
2
1) + ω˜2(x
2
2 + p
2
2) + 2iα(ω˜1x1 + ω˜2x2) + 2iβ(ω˜1p1 + ω˜2p2)+
− (ω˜1 + ω˜2 − 1) (α2 + β2) 1 ,
ω˜3 = α
2 + β2 in (3.3).
6This is not true for all the hamiltonians considered in this section, some of which have been treated rigorously
in terms of D-PBs already in recent papers.
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This hamiltonian can be found in the literature in [12], with ω˜1 = ω˜2 = 1/2.
2. 
X = −θ
x1p1+p1x1
2
, θ ∈ (−π/4, π/4),
H = ω˜1e
2iθx21 + ω˜1e
−2iθp21 + ω˜2x
2
2 + ω˜2p
2
2 + ω˜31 .
This model is the two-dimensional version of the one-dimensional Swanson model as
discussed in [14], and first introduced in [13], with ω˜1 = sec(2θ)/2.
3. 

X = γ(
√
2(x1 + x2) + 2x1x2), γ ∈ R,
H = x21(ω˜1 − 4γ2ω˜2) + x22(ω˜2 − 4γ2ω˜1) + ω˜1p21 + ω˜2p22 − 4
√
2γ2ω˜2x1 − 4
√
2γ2ω˜1x2+
+2
√
2iω˜1γp1 ++2
√
2iω˜2γp2 + 4iω˜2γx1p2 + 4iω˜1γx2p1+
+(ω˜3 − 2γ2ω˜1 − 2γ2ω˜2 + 2γω˜1 + 2γω˜2)1 .
This is the hamiltonian introduced in Section III.1
4. 

X = γ(x1x2 + p1p2), γ ∈ R
H = (ω˜1C
2
γ − ω˜2S2γ)x21 + (ω˜2C2γ − ω˜1S2γ)x22 + (ω˜1C2γ − ω˜2S2γ)p21 + (ω˜2C2γ − ω˜1S2γ)p22+
+2i(ω˜2 − ω˜1)CγSγ(x1p2 − x2p1) + ω˜31 .
This is the hamiltonian introduced in Section III.2
5. 

X = γ1(x1x2) + γ2(p1p2), γ1, γ2 ∈ R,
H = x21
(
ω˜1C
2√
γ1γ2
− γ1ω˜2S
2√
γ1γ2
γ2
)
+ x22
(
ω˜2C
2√
γ1γ2
− γ1ω˜1S
2√
γ1γ2
γ2
)
+
+p21
(
ω˜1C
2√
γ1γ2
− γ2ω˜2S
2√
γ1γ2
γ1
)
+ p22
(
ω˜2C
2√
γ1γ2
− γ2ω˜1S
2√
γ1γ2
γ1
)
+
+2ix1p2S√γ1γ2C√γ1γ2
(√
γ1
γ2
ω˜2 −
√
γ2
γ1
ω˜1
)
+ 2ix2p1S√γ1γ2C√γ1γ2
(√
γ1
γ2
ω˜1 −
√
γ2
γ1
ω˜2
)
+ ω31 ,
C√γ1γ2 := cosh(
√
γ1γ2), S√γ1γ2 := sinh(
√
γ1γ2).
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6. 

X = γ(x1 + p1 + x1p1), γ ∈ R,
H = ω˜1x
2
1e
−2iγ + ω˜2x22 + ω˜1p
2
1e
2iγ + ω˜2p
2
2+
+2x1ω˜1e
iγ (−1 + eiγ) + 2p1ω˜1eiγ (−1 + eiγ) + e−2iγ
(
(−1 + eiγ)2 (1 + e2iγ) ω˜1 + e2iγω˜3
)
1 .
7. 

X = γ1(x1p1) + γ2x1, γ1, γ2 ∈ R,
H = ω˜1x
2
1e
−2iγ + ω˜2x22 + ω˜1p
2
1e
2iγ + ω˜2p
2
2 + p1
2eiγ1(−1+eiγ1)γ2ω˜1
γ1
+
(
(−1+eiγ1)2γ22 ω˜1
γ2
1
+ ω˜3
)
1 .
8. 

X = γ
(
x21 − p21 +
√
2x1
)
, γ ∈ R,
H = ω˜1x
2
1(cos
2 2γ − sin2 2γ) + ω˜1p21(cos2 2γ − sin2 2γ) + ω˜2x22 + ω˜2p22+
+
√
2ω˜1x1(cos
2 2γ − cos 2γ − sin2 2γ) + i√2ω˜1p1(cos 2γ sin 2γ − sin 2γ)+
+4iω˜1x1p1 cos 2γ sin 2γ+
+
(
ω˜1(
1
2
− cos 2γ + 1
2
cos2 2γ − 1
2
sin2 2γ + 2 cos 2γ sin 2γ) + ω˜3
)
1 .
9. 
X = γ (x
2
1 + p
2
1 + x1) , γ ∈ R,
H = ω˜1x
2
1 + ω˜1p
2
1 + ω˜2x
2
2 + ω˜2p
2
2 + ω˜1x1 + (
ω˜1
4
+ ω˜3)1 .
10. 

X = γ (x21 − p21 + 2x1p1) , γ ∈ R,
H = ω˜1x
2
1
(
cos
(
4
√
2γ
)− i sin(4√2γ)√
2
)
+ ω˜1p
2
1
(
cos
(
4
√
2γ
)
+
i sin(4
√
2γ)√
2
)
+
+ω˜2x
2
2 + ω˜2p
2
2 + x1p1
(
2i
√
2ω˜1 sin
(
2
√
2γ
)
cos
(
2
√
2γ
))
+
+
(
ω˜3 + i
√
2ω˜1 sin
(
2
√
2γ
)
cos
(
2
√
2γ
))
1 .
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11. 

X = γ1(x1 + x2 + x1x2) + γ2(p1 + p2 + p1p2), γ1, γ2 ∈ R,
H = x21
(
C2√γ1γ2ω˜1 −
S2√
γ1γ2
γ2ω˜2
γ1
)
+ p21
(
C2√γ1γ2ω˜1 −
S2√
γ1γ2
γ1ω˜2
γ2
)
+
+x22
(
C2√γ1γ2ω˜2 −
C2√
γ1γ2
γ1ω˜1
γ2
)
+ p22
(
C2√γ1γ2ω˜2 −
S2√
γ1γ2
γ2ω˜1
γ1
)
+
+x1
2γ2ω˜2S2√γ1γ2
+γ1
(
ω˜1
(
−i
√
γ2
γ1
S2√γ1γ2+2C
2√
γ1γ2
−2C√γ1γ2
)
−i
√
γ2
γ1
ω˜2(2S√γ1γ2−S2√γ1γ2)
)
γ1
+
+p1
−2γ1ω˜2S2√γ1γ2+γ2
(
ω˜1
(
−i
√
γ1
γ2
S2√γ1γ2+2C
2√
γ1γ2
−2C√γ1γ2
)
+i
√
γ1
γ2
ω˜2(2S√γ1γ2−S2√γ1γ2)
)
γ2
+
+x2
2γ1ω˜1S2√γ1γ2
+γ2
(
ω˜2
(
−i
√
γ1
γ2
S2√γ1γ2+2C
2√
γ1γ2
−2C√γ1γ2
)
−i
√
γ1
γ2
ω˜1(2S√γ1γ2−S2√γ1γ2)
)
γ2
+
+p2
−2γ2ω˜1S2√γ1γ2+γ1
(
ω˜2
(
−i
√
γ1
γ2
S2√γ1γ2+2C
2√
γ1γ2
−2C√γ1γ2
)
+i
√
γ2
γ1
ω˜1(2S√γ1γ2−S2√γ1γ2)
)
γ1
+
+2x2p1iC√γ1γ2S√γ1γ2
√
γ1
γ2
(ω˜1 − ω˜2) + 2x1p2iC√γ1γ2S√γ1γ2
√
γ2
γ1
(ω˜2 − ω˜1)+
+1
(
ω˜3 + C√γ1γ2S√γ1γ2
√
γ1
γ2
(ω˜1 − ω˜2) + C√γ1γ2S√γ1γ2
√
γ2
γ1
(ω˜2 − ω˜1)+
−
2(ω˜1+ω˜2)S21
2
√
γ1γ2
(
(γ2
1
+γ2
2
)(C√γ1γ2+1)+2γ2γ1
(
i
(√
γ1
γ2
+
√
γ2
γ1
)
S√γ1γ2−C√γ1γ2+1
))
γ1γ2
)
.
As one can see from this list, in some examples the operator X in invariant under the
exchange (x1, p1) ↔ (x2, p2). This is the case of examples 1, 3, 4, 5 and 11. In the other
examples, this exchange produces a different operator X and, recalling that H0 is invariant
with respect to this operation, a different H , which is still exactly diagonalizable by means of
D-PBs.
For completeness, we conclude this section by listing other hamiltonians which also can be
described in pseudo-bosonic terms, and which has already been introduced in the literature
along the years. In these cases the transformation is more involved, and will not be given here.
These other hamiltonians are:


H = H1 +H2 +H3, where
H1 =
1
2
(p21 + x
2
1) +
1
2
(p22 + x
2
2),
H2 =
θ
2γ2
(p1x2 − p2x1),
H3 =
i
γ
[
A(x1 + x2) +
1
γ2
(
p1
(
B + θA
2
)
+ p2
(
B − θA
2
))]
,
H =
ν
2
(
p21 + x
2
1 + p
2
2 + x
2
2
)
+ i
√
2 (p1 + p2),
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H = (p21 + x
2
1) + (p
2
2 + x
2
2 + 2ix2) + 2ǫx1x2,
and
H =
1
2
(p21 + x
2
1) +
1
2
(p22 + x
2
2) + i [A(x1 + x2) +B(p1 + p2)] .
Here γ, ν, θ, ǫ, A and B are real parameters, see [6]. Also, we recall that a general class of
quadratic hamiltonian is discussed, from a different point of view, in [11].
V Conclusions
In this paper we have considered several hamiltonians, quadratic in two-dimensional position
and momentum operators, which can be analyzed in terms of D-PBs. This is particularly
interesting when the hamiltonian under analysis is manifestly non self-adjoint. In this case,
we have seen under which conditions on the values of the parameters of the hamiltonian our
strategy works properly by checking the validity of theD-PBs assumptions introduced in Section
II. This was performed in details in Section III.1 and III.2 We have also listed in IV several
deformed hamiltonians, some of which already introduced elsewhere, which allow, at least
formally, a pseudo-bosonic treatment. As for the physical content of the models, we should
say that this is under debate, and we would say that these models make physical sense if PT-
quantum mechanics, and its relatives, makes sense. Nevertheless, the mathematical aspects of
these models appear surely worth of a deeper investigation.
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